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Abstract

In this paper we obtain result of existence of solution of Integral equation.We prove this
result using generalization of Banach contraction principle in G-Metric space.This is a very
easy application of fixed point theorem in G-metric space for beginners.This existence of

solution of Integral equation requires less assumptions.
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1 Introduction

We know by Banach Fixed point principle [1] which is classical and powerful
tool in nonlinear analysis.In 1984 M.S.Khan et.  al. [2] generalized Banach
Contraction principle.Also B.E.Rhoades [3]proved fixed point theorem by using altering
distance function.Later in 2008 P.N.Dutta at.al. [4] generalized Banach contraction
principle. Tomanari Suzuki [5] proved fixed point theorem which is generalization of Banach
fixed point theorem . Banach Fixed point result is generalized in various directions reader
can [6, 7]. Selma Gulyaz et.al. [8] obtained important result of fixed points of cyclic weak

contraction and obtained existence and uniqueness of solution of integral equation using
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fixed point result.Many authors derived existence and uniqueness of solution of integral

equation via fixed point theorem,readers can see [9, 10, 11, 12]

2 Preliminaries
In 2006 Z.Mustafa {13] introduced a new structure of metric space called as G-Metric
Space. Which is defined as follows.

Definition 2.1. Let X be a non empty set and G : X3 — R* which satisfies the following

conditions
1. G(a,b,c) =01ifa=>b=c1i.e. every a,b,cin X coincides.
2. G{a,a,b) >0 for every a,b,c eX s.t. a#b
3. G{a,a,b) < G(a,b,c), Va,b,ce X st.c#b

4. G(a,b,c) = G(b,a,c) = G{¢,b,a) = .........

(symmetrical in all three variables)

5. G(a,b,c) < G(a,z,z) +G(z,b,¢c) , for all a,b,c,z in X

(rectangle inequality)

Then the function G is said to be generalized metric or simply G-metric on X and

the pair (X,G) is said to be G-metric space.

Example 2.2. Let G : X3 — Rt s.t. G(a,b,c) = perimeter of the triangle with vertices
at a,b,c in R?, also by taking p in the interior of the triangle then rectangle inequality is

satisfied and the function G is a G-metric on X.

Remark 2.3. G-metric space is the generalization of the ordinary metric space
that is every G-metric space is (X,G) defines ordinary metric space (X,dg) by
dg {a;b):G(aa b’ b) + G(a, a, b)
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Example 2.4. Let (X,d) be the usual metric space . Then the function G : X3 5 Rt
defined by
G(a,b,c) = maz.{d(a,b),d(b,c),d(c,a)}

for all a,b,c ¢ X is a G-metric space.

Definition 2.5. A G-metric space (X,G) is said to be symmetric if G(a,b,b)=G(a,a,b)
for all a,beX and if G(a,b,b)# G(a,a,b) then G is said to be non symmetric G-metric

space.

Example 2.6. Let X={z,y} and G : X® — R% defined by G(z,7,2)=G(y,y,y)=0,
G(z,z,y)=1,G(z,y,y)=2 and extend G to all of X3 by symmetry in the variables. Then
X is a G-metric space but It is non symmetric. since G(z,z,y) # G(z,y,y)

Definition 2.7. Let (X,G) be a G-metric space, Let {a, } be a sequence of elements in

X .The sequence { an } is said to be G-convergent to a if
limy ns0oG(a, an,am) =0

i.e for every € > 0 there is N s.t. G(a,an,am) < € for all mn > N It is denoted as

anp = a or limpyocn = a

Proposition 2.8. If (X,G) be a G-metric space. Then the following are equivalent

~

. {an} is G-convergent to a.

2. G(an,an,a) > 0asn— oo

3. G(an,a,a) > 0asn— oo

4. G(am,an,a) = 0 as m,n — oo

Definition 2.9. Let (X,G) be a G-metric space a sequence {a,} is called G-Cauchy if ,

for each € > 0 there is an N eIt (set of positive integers) s.t.

G(an,am, ) < € for all n,m,l > N
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In 1922 S.Banach [? | proved a very important result of fixed points which gives a sufficient
condition for existence and uniqueness of fixed point of self map in a complete metric space

which states that,

Theorem 2.10. Banach Contraction Mapping Principle
Any Contraction mapping S of a non empty complete metric space (X,d) into itself has

a unique fized point.

Definition 2.11. /2] A function ¢ : [0,00) — [0,00) is called an altering distance function

if the following properties are satisfied.

1. ¢(t)=0 ifand only if t=0

2. ¢ is continuous and nondecreasing.

In 1984 Khan et. al. [2] proved following fixed point theorem.

Theorem 2.12. Let (X,d) be a complete metric space and let g : X — X be a self
mapping.Suppose that there ezists an altering distance functions ¢ and a constant k €

[0,1) such that
¢(d(ga, gb)) < ké(d(a, b))

. Then g has a unique fized point in X for all a,b€ X

B.E. Rhoades [3] proved following fixed point result which is as follows.

Theorem 2.13. Let (X,d) be a complete metric space and let T : X — X be a self

mapping.Suppose that there exists an altering distance function ¢ such that
¢(d(gaa gb)) < d(aw b) - d)(d(aa b))

, for all a,b € X .Then g has a unique fixed point.

Also Dutta and Chaudhury [4] proved a generalization of this theorem as follows.
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Theorem 2.14. Let (X,d) be a complete metric space and let T : X — X be a self

mapping.Suppose that there exists two altering distance function ¢1 and ¢2 such that
¢1 (d(gav gb)) S ¢1 (d(a, b)) - ¢2(d(aa b))
Then g has a unique fized point.

Z.Mustafa [14] generalized Banach contraction principle in G-metric space.Which is as

follows

Theorem 2.15. If (X,G) be a complete G-Metric space and F be a mapping of X into

itself which satisfies the following condition for all p,q,r € X
G(Fp,Fq,Fr) < fG(p,q,7)
for 0 < B < 1.Then there exists a unique fized point u of F.

Corollary 2.16. [15] If (X,G) be a complete G-Metric space and let T be a mapping
on X into itself. There exists (§ € [0,1) such that for all p,q,r € X

G(Tp,Tq,Tq) < BG(p.q,9)
Then T has a unique fized point u € X

Proof. Let pg be arbitrary point in X .We define a sequence {p,} by P1 =T(po),p2 =
T(p1) yeeeers Pnt+1 = T(pn) .Then p, = T"(po), for all n € N .Consider,

G(Pm pn+1apn+1) < G(Tpn—la T'pn, Tpn)

< BG(pn-1,Pn,Pn)
= BG(Tpn-2,TPn-1,TpPn-1)
< B*G(pn-2:Pn—1,Pn-1)
2 G(pn,Pn+1,Pnt+1) < B"G(po,p1,p1) (2.1)
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for all n,m € N, m > n, and using rectangle inequality, we have

G(Pn, Pm, pm) = G(pn,Pn+1,Pn+1) + G(pn+17pn+Za pn+2) <+ G(pn+27pn+37 pn+3)
+ et G(pm—l,pmvpm)

< (B + B+ .+ B DG (po, 1, p1)
,3"(1 — ﬂm—n)
1-8

Taking limit as m,n — oo l}z,g)loo G(pn,Pm,pm) =0 .. {pn} is a G-Cauchy sequence in

G(po, p1,P1)

X .Since (X,G) is a G-Complete metric space.
. T(p) = T(limy—00 Pn) = limy—y00 T(Pn) = Pnt1 = p. It gives p is a fixed point of T .To

prove uniqueness of fixed point.Suppose ¢ is another fixed point of T'..". T(q) = ¢ for

any g€ X .
G(p,q,9) = G(Tp,Tq,Tq)
< BG(p,g.9)
-.G(p,q,q) = 0.Hence p=gq...T has a unique fixed point. O

3 Application to Integral Equation

Now we prove our main result of existence of solution of following Integral equation using
the the corollary (2.16). The existence of solutions of Integral equations has been obtained
by various authors see[9, 10, 11, 12]. Here we prove an existence of a solution for a non-linear
integral equation in G-metrics space using corollary(2.16). Let us consider the integral

equation
I

v(t) = A K(t,s,v(s))ds + p(t), t € [0,L] (3.1)

Where L > 0.Let X = C(|0, L]) be the set of all continuous functions defined on closed
interval [0,L].Let G : X3 — R* be defined by

G(a,b,c) = Supie(o,r)lalt) — b(t)] + Supieo,z)|b(t) — c(t)] + Supsepo,pyle(t) — a(t)]

Then the function G is a G-metric on X and also (X,G) is G-complete metric space.
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7
Theorem 3.1. We suppose following assumptions hold good.
1. K:[0,L] x[0,L] x R— R and P:R — R are continuous.
2. There erists a continuous function G :[0,L] x [0,L] - R* such that
|K(t,s,v) — K(t,s,u)| < G(t,s)|v— ul
for every v,u € R and t,s € [0,L].
3. Supiepo,r] fOL G(t,s)ds < q for some q in [0,1).
Then the integral equation (6.30) has a solution v € X .
Proof. Let the mapping F : X — X be defined by
L
Fa(t) = / K(t,s,a(s))ds + p(t), t € [0, L]
0
for a,be X, we get
G(Fa,Fb,Fc) < 2 sup |Faf(t)— Fb(t)|
te(0,L]
L
= 2 sup | | (K(t s, a(s) - K(t,s,b(s)))ds|
te(o,L] Jo
L .
< 2 sup / [(K(t,s,a(s) — K(t,s,b(s)))|ds
te(0,L] JO
L
< 2 sup |a(t) —b(t)| sup / G(t,s)ds (using(3))
tel0,L) te[o,L] Jo
L
= G(a,b,b) sup / G(t,s)ds
te[o,L] JO
Since,Using (iii),there exists g € [0,1) such that
L
sup / G(t,s)ds < q
te(o,L] JO
*. we have
G(Fa, Fb, Fb) < qG(a,b,b)
Thus all the required conditions of corollary (2.16) are satisfied and .. there exists a
continuous function v € X of the integral equation (6.30). O
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4 Conclusion

In this paper we have proved result of existence of solution of Integral equation.We
have proved this result using generalization of Banach contraction principle in G-Metric
space.This is a very easy application of fixed point theorem in G-metric space for

beginners.This existence of solution of Integral equation requires less assumptions.

5 Acknowledgment

We are very much thankful to Prof. Bele C.D. for valuable suggestions in this article.

References

[1] Banach S. Sur les operations dans les ensembles abstraits et leur applications aux

equations integrals. Fundamenta Mathematicae, 3:133-181, 1922.

[2] Sessa S. Khan M. S., Swaleh M. Fixed point theorems by altering distances between
the points. Bull. Aust.Math.Soc., 30:1-9, 1984.

[3] Rhoades B. E. Some theorems on weakly contractive maps. Nonlinear Anal.,

47:2683-2693, 2001.

[4] Choudhury B. S. Dutta P. N. A generalization of contraction principle in metric

spaces. Fized point Theory and Appl., pages 1-8, 2008.

[5] Suzuki T. A generalized banach contraction principle that characterizes metric

completeness. Proceeding of the American Math.Soc., 136(5):1861-1869.

[6] Lj.B. Ciric. Generalized contractions and fixed-point theorems. Publications de

UInstitut Mathmatique [Elektronische Ressource], 26:19-26, 1971.

Volume VIII, Issue VIII, August/2021 Page No: 205



JASC: Journal of Applied Science and Computations ISSN NO: 0022-1945

[7] Shouro Kasahara. On some generalizations of the banach contraction theorem. Publ,

RIMS kyoto Univ., 12:427-437, 1976.

[8] Selma Gulyaz et.al. Existence of solution of integral equation via fixed point theorem.

J.of Ineq. and appl., 529:1-16, 2013.

[9] Hussain N. Agrawal R. P. and Taoudi M. A. Fixed point theorems in order banch
spaces and applications to nonlinear integral equations. Abst.and App.Anal., 2012.

(10] Taoudi M. A. Hussain N. Krasnoselskii type fixed point theorems with applications
to voltera integral equations. Krasnoselskii type fized point theorems with applications

to Voltera integral equations, 2013.

[11] Hussain N. et. al. Fixed point theory in a— complete metric spaces with applications.

Hind. Pub.cor.Abstract and appl. anal., 2014.

[12] Arshad M. Nazam M. On a fixed point theorem with application to integral equations.
Hind, Publ.corp.Int.J.of Anal., 2016.

[13] Sims B. Mustafa Z. A new approach to generalized metric spaces. J. nonlinear convex

Anal., 7(2):289-297.

[14] Mustafa Z. A new structure for generalized metric spaces with applications to fixed

point theory. Ph.D. thesis, The University of Newcastle, Callaghan, Australia, 2005.

[15] Rhoades B. E. Abbas M. Common fixed point results for non commuting
mapping without continuity in generalized metric spaces. Applied Math. and Comp.,

215:262-269, 2009.

Volume VIII, Issue VIII, August/2021 Page No: 206



