JASC: Journal of Applied Science and Computations ISSN NO: 0022-1945

COMMON FIXED POINT RESULT IN COMPLETE G-METRIC SPACE.

V. V. LATPATE
A.C.S.College, Gangakhed, Dist. Parbhani, Maharashtra, India 431514

e-mail: vishnu.latpate @yahoo.com

Abstract

In this paper we study compatible maps in G-Metric space and obtain a common fixed
point Result for pair of Compatible maps in G-Metric space which is the generaliation of

common fixed point result of pair of self maps in Complete metric space.
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1 Introduction

In 1976, G.Jungck [1] proved a common fixed point theorem for commuting map-
pings,which generalizes the Banach Contraction principle.Sesa [2] introduced a concept
of weakly commuting mappings and proved some fixed point theorems in complete metric
space.Commuting maps are weakly commuting.Jungck’s [1] common fixed point theorem
has been generalized and modified by many authors (3, 4, 5, 6, 7].In 1986 G.Jungck [5]
defined the concept of compatibility and proved some common fixed point results.

In 2006 Mustafa and Sims [9] introduced the concept of G-Metric space.In 2012 Manoj
Kumar (8] defined the concept of compatible maps in G-Metric space and proved some

results of common fixed points of pair of compatible maps.
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2 Preliminaries

Definition 2.1. Let X be a non empty set and G : X3 — R™ which satisfies the following

conditions

1. G(a,b,c) =01ifa=>b=ci.e everya,b,cin X coincides.
2. G(a,a,b) >0 for every a,b,c eX st.a#b
3. G(a,a,b) < G(a,b,c), Ya,b,ce X st.c#b

4. G(a,b,c) = G(bya,c) = G(e,b,a) = .........

(symmetrical in all three variables)

G(a,b,c) < G(a,z,z) + G(z,b,c) , for all a,b,c,xin X

<

(rectangle inequality)

Then the function G is said to be generalized metric or simply G-metric on X and

the pair (X,G) is said to be G-metric space.

Example 2.2. Let G : X3 - R* s.t. G(a,b,c) = perimeter of the triangle with vertices
at a,b,c in R?, also by taking p in the interior of the triangle then reciangle inequality is

satisfied and the function G is a G-metric on X.

Remark 2.3. G-metric space is the generalization of the ordinary metric space that is

every G-metric space is (X,G) defines ordinary metric space (X,dg) by
dg(a,b) = G(a,b,b) + G(a,a,b)

Example 2.4. Let (X,d) be the usual metric space . Then the function G : X3 — R*
defined by
G(a,b,c) = maz.{d(a,b),d(b,c),d(c,a)}

for all a,b,c € X is a G-metric space.
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Definition 2.5. A G-metric space (X,G) is said to be symmetric if G(a,b,b)=G(a,a,b)
for all a,beX and if G(a,b,b)# G(a,a,b) then G is said to be non symmetric G-metric

space.

Example 2.6. Let X={z,y} and G : X3 — R* defined by G(z,7,2)=G(y,y,y)=0,
G(z,xz,y)=1,G(z,y,y)=2 and extend G to all of X3 by symmetry in the variables. Then

X is a G-metric space but It is non symmetric. since G(z,z,y) # G(z,y,y)

Definition 2.7. Let (X,G) be a G-metric space, Let { a, } be a sequence of elements in

X .The sequence { a, } is said to be G-convergent to a if
limm,n—booG(av Qn, am) =0

i.e for every € > 0 there is N s.t. G(a,an,a,) < € for all myn > N It is denoted as

anp —> a or lim,_ o, = a
Proposition 2.8. If (X,G) be a G-metric space. Then the following are equivalent
1. {an} is G-convergent to a.
2. G(an,an,a) > 0asn— o
3. G(an,a,a) > 0asn— oo
4. G(am,an,a) > 0 as m,n — oo

Definition 2.9. Let (X,G) be a G-metric space a sequence {an} is called G-Cauchy if ,

for each € > 0 there is an N eI™ (set of positive integers) s.t.
G(an, am, ) < € for all n,m,l > N

Proposition 2.10. Let (X,G) be a G-metric space then the function G(a,b,c) is jointly

continuous in all three of its variables.

Proposition 2.11. Let (X,G) be a G-metric space. Then, for any a,b,c,x in X it gives that

1. if G(a,b,c) =0thena=b=c
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2. G(a,b,c) < G(a,a,b) + G(a,a,c)

3. G(a,b,b) < 2G(b,a,a)

4. G(a,b,c) < Gla,z,c) + G(z,b,c)

5. G(a,b,c) < 2(G(a,z,z) + G(b,z,z) + G(c, z, 7))
Definition 2.12. /5] Let S and T be two self maps on a metric space (X,d). The mappings
S and T are said to be compatible if

nll)n;o d(STxp, TSx,) =0

, whenever {z,} is a sequence in X such that
limy, o0 STp = limy 500 TT,, = 2 for some zeX

Definition 2.13. [8/ Let S and T be two self mappings on a G-metric space (X,G).Then
mappings S and T are said to be compatible if lim,_ oo G(STZyn,STxy, TSx,) = 0
whenever {x,} is a sequence in X s.t. limp_yo0 Sy = liMpyoo TTyn = 2z for some zeX

for some z in X.

Example 2.14. Let X=/-1,1] and G : X3 — R* be defined as follows
- G(a,b,c)=la—bl+|b—c|+|c—a]

for all a,b,c eX. Then (X,G) be a G-metric space.Let us define fa=a and ga=% Let

{an} be the sequence, s.t. ap, = % and n is a natural number.It is easy to see that

1

the mappings f and g are compatible as limp_oo G(f9an,g9fan,g9fan) = 0 here a, = 3

s.t.limy 00 fan = limy, o0 ga, =0 for 0eX
In 1980, .Madhusudhanrao {10] proved common fixed point theorem for pair of self maps
in Complete metric space.

Theorem 2.15. Let (X,d) be a Complete metric space.If P, Q be a pair of maps on X
into itself and if there exists constants ki,ka, k3, ks, ks such that 0 < kj, for 1 < j <35

and ki + ko 4 2ks + 2ks + ks <1 and

d(Pz,Qy) < kid(z, Pz) + kad(y, Qy) + k3d(x, Qy) + kad(y, Pz) + ksd(x, y)
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Jor all z,y in X . Then P,Q have a unique common fized point in X .

Now we see some preliminary results of common fixed point theorem as follows. Manoj

Kumar Generalized following theorem.Which is stated as

Theorem 2.16. [8] Let(X,G) be complete G-metric space.Let S and T be self mappings

on X satisfying following conditions.

1. S(X) CT(X),
2. S or T is continuous ,

3. G(Sa, Sb, Sc) < BG(Ta,Tb,Tc) for every a,b,c in X and 0 < B < 1.And if S and
T are Compatible then S and T have Unique common fized points in X.

Proof. Let us take ap be an arbitrary element of X.We define a sequence s.t. for any
point a; in X, define Sag = Ta;,Sa; = Tay,Sa; = Tag,....,In general fora,+1 € X

s.t.b, = Sap, = Tap4+y for n=0,1,2,3.... from (3) we get

G(S(Ln, San+17 San+1) < ,BG(Tanw Tan+1,'Tan+l)
= BG(San-1,San, San)

By continuing same procedure, we get
(2.1) G(San, San+1, San+1) < B"G(Sap, Saz, Say)
. for all n,m € N,m > n, by using rectangle inequality, we get

G(bnabm,bm) S G(bn,bn+lvbn+1)+G(bn+lsbn+2ybn+2)

+ G(bn+27 bn+3a bn+3)+ ----- +G(bm—1,bma bm)
< (B4 8" 4.+ 8" HG(bo, b, by)
< T 5G0n b b)

Volume VIII, Issue VIII, August/2021 Page No: 211



JASC: Journal of Applied Science and Computations ISSN NO: 0022-1945

6 STUDY OF COMPATIBLE MAPPINGS AND COMMON FIXED POINT RESULT IN G-METRIC SPACE.

taking limit as n,m — 0o, we get limp m—00G (bn, bm,bm) = 0. .. this shows that {bn} is
a G-Cauchy sequence in X.Since given (X, G) is G-Complete metric space. .". there exists
apoint € X s.t.limpoobn = = and .. liMp_00bn = limps0oSan = limpssoTlns1 =
z . Since the mapping S or T is Continuous.Suppose T is continuous , .". limpecT'San =
Tz. also given that S and T are compatible. .. limpocG(T'San, STan, STay,) = 0.This

gives limp00STa, = Tz From (3) we get
G(STay, San, Sa,) < BG(TTan, Tan,Tay)
taking limit as n — oo, we get Tz = x Again from (3)we get
G(San, Sz, Sz) < BG(Tan, Tz, Tx)
taking limit as n — oo, we get Tx =z .. we get Tz = Sz = r.Hence z is a common

fixed point of S and T. For Uniqueness ,If possible suppose let x; be another common

fixed point of S and T. Then we have, G(z,z1,21) >0 and
G(z,r1,71) = G(Sz,Sz1,Sz1)

< BG(Tz,Tx, Tzq)

== ﬁG(I)xlvxl)

< G(z,r1,11)
which is impossible. .. z = z; .Hence uniqueness follows. O
Example 2.17. If X =[-1,1] and G be a G-metric space s.t. G : X3 5 R* defined by

G(z1,y1,21) = (lt1 — p1l + |y — 21h + o1 — 21)

for all x1,y1,21 € X .Then X is a G-Metric space. We define S(x1) = 2 and T'(x1) = 5.
If S is Continuous and S(X) C T(X).

Here G(Sz1,Sy1,S2z1) < BG(Tz1,Ty1,Tz1) is true for all x1,y1,21 € X, 1<B<1 and
0 is the common fized point of S and T which is Unique.

Now,we prove Common fixed point result for the pair of compatible maps in G-Metric

space which is the generalization of Theorem 2.15.
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3 Main Result

Theorem 3.1. Let X be a complete G-metric space. S, T : X — X be two compatible
maps on X and which satisfies the following conditions,

(i) S(X) € T(X),

(i1)S or T is G-continuous,

(iit) G(Sa, Sb, S¢) < aG(Sa,Th,Tc) + BG(Ta, Sb, Tc)

+ YG(Ta,Th, Sc) + 6G(Sa,Tb,Tc) for every ab,c in X and a,B,7,0 > 0 with 0 <
a+38+3y+30 <1. Then S and T have unique common fized point in X.

Proof. Let ap be an arbitrary element in X by S(X) C T(X),we construct a sequence
{bn} in X such that for any a; in X Sap = Ta; .In general we take an4; such that

by =8an=Tan+i 0n=0,1.2;....:: from given (iii) in hypothesis,we have
G(San, Sant1,Sany1) SaG(Sam Tany1, Tan+l) + BG(Tan, Sant1, Tan+1)
+vG(Tan, Tan+1, Sant+1) + 0G(San, Tant1,Tans1)

by construction of sequence, we have

G(Sam S_an+11 San+1) SaG(San’ Say, San) + IBG(San—I» San+17 San)
+ 'YG(San—I: Sana San+1) = 6G(Sanx Savn San)

G(San, Sant+1,San+1) < BG(San-1,San+1, San) + vyG(San—1, San, San+1)
since by symmetry in variables, we have.
(3.1) G(San, San+1,Sant+1) < (B+v)G(San-1,San, Sant1)
By using definition (2.2.1)(5), we have

G(San-1,S8an, Sant1) <G(San-1,San, San) + G(San, San, Sani1)
< G(San-—l, San, San) + 2G(Sam Sany1, San+1)

( since by using proposition 2.2.2 (3) ) from given inequality (iii) we have

(1 -28-2v)G(San,San+1,San+1) < (B+v)G(San-1,San, Say)
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<_(B+7)
T (1-28-2y)

G(San, San+1,San+1) < gG{(San—1, San, San)

G(Savu San+1a San+1) G‘(San—ly San, San)

where
(B+7)
=—+ 1 <1
1= 0-26-27)
continuing in this way, we have
(3.2) G(San, Sant1,San+1) < ¢"G{(Sag, Sai, Sa,)

- forallnm € N let m > n , By using rectangular inequality we have, Lets consider,

G(bna bma bm) SG(bny bn+1a bn—f—l) + G(bn-i-la bn+2y bn+2)
Foer, + G(bm—1, b, bm)

G, by b)) (™ + g™ s +¢™ HG(bo, b1, by )(since by using (3.4.3))
qn
< ——G(bo, b1,b
- (bo, b1, b1)

4 50 asnm — oo therefore R.H.S.of this inequality

asn,m — o0, since ¢ < 1,.". =

tends to 0. .. we have lim,_y00 G(bn,bm,bm) = 0 Thus {b,} is a G-cauchy sequence in
X. Also as X is a complete G-metric space, .". there exists ¢ € X s.t. {b,} G-converges
to c.limp_se0 by = limy, 500 San = limp 00 Tany1 = ¢ Given S or T is continuous, Let
T is continuous, lim,_e T'San, = lim, 00 TTa,, = Tc Also S and T are compatible,
. G(STan,TSan,TSa,) = 0 this gives lim, o STa, = Tc Now from hypothesis (iii)

we have

G(STan, San, Sa,) <aG(STan,Tay, Tay) + BG(TTayn, San, Tay)
+~vG(TTan, Tan, Say) + 6G(STayn, Tan, Tay)

taking lim as n — oo , we have Tc=c Again from (iii) we have

G(Sa,, Sc,Sc) <aG(Sa,,Te,Tc) + BG(Tan, Sc,Tc)
+7G(Tan,Tc, Sc) + 6G(San, Tc,Tc)
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Taking limit as n — oo, we have c=Sc. .. we have Tc=Sc=c.This shows that c is a

common fixed point of S and T.
uniqueness:-If possible ¢; other than ¢ be another common fixed point of S and T.Then

G(c,c1,¢1) > 0 and

G(c,e1,¢1) = G(Se, Sey, Ser) <aG(Se,Ter,Ter) + BG(Te, Ser, Tey)
+vG(Te¢,Tey, Ser) + 0G(Sc, Tey, Tey)

G(e,e1,01) < (@+B+v+6)G(e,e1,c1) G(e,e1,e1) < G(e,e1,¢1) O
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