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Results on Kanan Fixed Point Theorem in Generalized Metric
‘Space (g.m.s.)
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Abstract:
In this paper we prove a unique fixed point theorem of Kanan map in Generalized
Metric space using uniformly locally contractive map.
Keywords: p
Generalized Metric Space, Contraction mapping, fixed point, orbitally complete
mapping, and Uniformly Locally Contractive map.
1. Introduction
In 1922 S.Banach proved a Contraction mapping principle [3] states that S has a
unique fixed point.Recently in 2000 a very interesting notion of generalized metric space
was introduced by Branciari [2]. Branciari generalized Banach fixed point result in
Generalized metric space(g.m.s.). In 2002 P.Das. [5] generalized fixed point result in
generalized metric space (g.m.s.).Later in 2009 Dorel Mihet[7] generalized Kanan fixed
point theorem in this space.
2. Some preliminaries
Definition 2.1 [ 2] : Let X be any non-empty set and
d:XxX — R* beaselfmap. Then d is said to be as Generalized metric if it satisfies
following
Postulates for all x,y,ze X
(Yd(x,y)=0iffx=y
(id(x,y)=d(y,x) (symmetry)
(ii)d(x, y) < d(x,z) +d(z,w) +d(w, y) (rectangular inequality)
A set X equipped with metricd is said tobea generalized metric space or (g.m.s.)
Remark:- Every metric space is a generalized metric space but the converse may not
always be true.
Definition 2.4 [ 6] :- Let 7 be a mapping of g.m.s. (X,d) into itself is called as T-
Orbitally complete iff every Cauchy Sequence
{2) © BICT BT R s } for x € X Converges in X itself. _
Definition 2.5:- 7: X — X is called (g, ) Uniformly locally contractive if it is locally

contractive at all points of X € X and €, # do not depend on x i.e.
d(x,y)<e = d(Tx,Ty)<u d(x,y) forallx,y e X

7
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Kanan generalized a fixed point result in a g.m.s. [ 3] stated as
Theorem 3.1 Let X be a Complete metric Space and 7' : X — X is a mapping such that,
d(Tx,Ty) < B [d(x, Txf+d(»,Ty)],for all x, y € X.
Where f e ]0,1[.Then T has a Unique fixed point in X.
By taking concept of F-orbitally Complete maps then a slight generalization of Theorem
3.1 is given by , ; . |
Theorem 3.2 [7] If (X,d) be a generalized metric space and S: X — X is a mapping
such that,
d(8x,8y) < B [d(x,8x) +d(y,5p)] (2)
forallx,ye X
Where Se 10,1[. If X is S-orbitally complete. Then S has a Unique fixed point in X.
We generalize Theorem 3.1 in orbitally complete Generalized metric space.
3. Main Result
Theorem 3.3 Let (X,d) be a generalized metric space, and the mapping
F:X = X is uniformly locally contractive which satisfies (2).
Then F has a Unique fyxed point in X.

Proof :- Let Xo be any point in X - Let F(Xo)=%.

If X and Xo coincides then F(*o)=2. It shows that %o is a fixed
Point of F. And the theorem is obviously proved.

Let us suppose that *; and Xo are distinct i.e. Xo %,

tonsidey Pxy=x FOL) 2%, i

F(x,)=x,,,=F""'x, and x,,, # x, for n=0,1,2,.......

In this way we have a sequence {*»} in this manner.

Now consider
d(x,,‘x,m) =d(Fx

n-1°

Fx,)

< ﬂ[d(xn—] ’ Fxn—l ) i d(xn ’ Fxn )]
& b); inequality (2))

LB [d(x, %, )+d(x,x,.,)]

il il
18

l-l,xn_)

Let us suppose that %o is not a periodic point, and if¥» = Xo then
We have,
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d(xo s an) = d(x" ’ Fx" )=d(F"x0 - Fn+1xO)

< -]—_-_'—BZ d(F""'x,,F"'x,)

< (Loy aEix, Fx,)

< (%)" d(x,,Fx,) 3)

Let cx=i .. a<land

(1-a") d(x,,Fx,) < 0
This gives d(x,,Fx,)< 0
= Fx, = x,.It means x, is a fixed point of T.

Now relation (2) gives
d(F"xy, F""x,) < Bd(F"" x4, F"x,) + d(F"™" " x,, F"*" x,))

<Bla"" d(x,,Fx,) +a™"" d(x,, Fx,)]

o X Ei) —0,asn — ©

n+m

. . LS X Bt
Hence {x,} is a Cauchy sequence in X. As X is a Complete i ot LR

By using quadrilateral property of g.m.s.
We have

d(F,,p)<d(F,,F"x,)+d(F"x,, F™' %)+ d(F""'x,, p)
< B [d(p.F,)+ d(F""x,,F"x))]

+a" d(x,,Fx,)+d(F""'x,, p)

4
< a d(F™'x,, F"x,) +]a—ﬂd(x0,Fxo)

1

+

d(F™x,, p)

So taking limit as n — oo and using the fact that,

Shri Sant Janabai Education Society’s
ARTS, COMMERCE & SCIENCE COLLEGE, GANGAKHED Page No, 47



Anuradha Publications, Nanded ISBN N0.978-93-82995-25-8

Advanced Studies in Pyre Science and Applied Science

d(a,y)—>d(a,y) and d(x,a,) - d(x,a)
whenever {a, } e X witha, >aeX
This gives p = Fp.
i.e. p is a fixed point of F.
To prove uniqueness If possible suppose that q € X is another fixed point of
Fie Fg=q
Consider,
d(q, p) =d(Fq, Fp)

< B [d(q,Fq)+d(p,Fp)

<pB [d(q,q)'+ d(p,p)=0

A \

=>p=q.

Hence the Fixed point of F is Unique.
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